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Today we will study the Fibonacci numbers.
Definition. The Fibonacci numbers are defined by fo =0, f1 =1, and f, = fn_o+ fn_1 for all n > 2.
Proposition. For alln € N we have Y.} _ f = fat2 — 1.

Proof. Let n € N be arbitrary and proceed by induction on n to prove P(n) : Y7o fe = fat2 — 1.
Base Case: For n = 0 we have fopyo —1 = fo—1 =1—-1 = 0 and Zi:ofk = fo = 0. Thus
22:0 fx = 0= foro — 1 as desired.
Inductive Step: Let j € N be arbitrary and assume Zi:o fx = fj+2 — 1. We compute
j+1 J
=) fetfimi= 2= D+ fi1 = fiya+ fimn — 1= fgpng2 — L.
k=0

k=0

Therefore Zf;}) Jt = fij+1)+2 — 1 and the inductive step holds.
Hence the original statement is true by mathematical induction. O

Proposition. Let (ay),~, be a real sequence. If ay = an_1 4 an—z for alln > 2, then for all k € N we have

Ap+1 = fn+1a1 + fnaO-

Proof. We proceed by strong induction. Suppose (a,),,~ is a sequence of numbers satisfying a, = a,—1 +
Gn_o for all mn > 2 B
Base Case: Note for n =1 and n = 2 we have the following, verifying our base cases.

a; =1-a1+0-ag = fiai + foao
az=ay+apg=1-a;+1-a9= faa1+ frao
Inductive Step: Let n > 2 and suppose ax = fra1 + fr_qao for all 1 > k > n. We now compute
Gn+1 = Qp + Gn—q
= fna1 + fno100 + fno101 + fr2a0

= (fn + fnfl)al + (fnfl + fn72)a0
= fn—i—lal + fnaO-

Hence a1 = frny1a1 + frnao, and the inductive step holds.
We conclude the original statement is true by mathematical induction. O

Corollary. For all a, f € N we have foi8+1 = fat1fs+1 + fafs-

Proof. We apply the previous proposition to the shifted Fibonacci sequence, a,, = fo4, for all n € N. Note
an = fatn = fat(n+1) T fa(n—2) = Gn—1 + an—2 for all n > 2. Hence we obtain

Jats+1 = agy1 = far1a1 + fgr100 = fa1fat1 + fofa- O
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Corollary. Let n,d € N. If d | n, then fq| fn-

Proof. Let d € N be arbitrary. Note that if d = 0, then d | n implies n = 0. Thus the statement trivially
holds (fo | fo). Otherwise, we assume d # 0 and we proceed by strong induction on n.

Base Case: If n = 0, then trivially d | 0; moreover, f, = fo = 0- f4, so fq | fn in this case, and the
statement holds.

Inductive Step: Assume that d | k implies fy | fx for all 0 > k > n; further suppose d | n. By definition
of divisibility there is an integer m € Z such that n = dm. Thus we rewrite n =dm = (d—1)+d(m—1) +1
Applying the previous corollary, we obtain

fn = fam = fla—1)+dm-1)+1 = fra—n)+1fam—-1)+1 + fa—1fam+1) = fafam—1)+1 + faim+1) fa—1-
Now d(m — 1) < dm = n, so by the induction hypothesis fg | fq(m—1) and thus there is an [ € Z such that
fdem—1) = fal by definition of divisibility. Hence we have

fn = fafaem—1)+1 + faemeryfa1 = fafam—-1)+1 + (fal) fa—1 = fa(fam—1)41 + fa-1l).

By closure properties of integers, fy(m—1)+1 + fa—1l € Z. Hence fy | f, and the inductive step holds.
We conclude the original statement is true. O
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